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We determined the quark mass matrix in terms of a small expansion parameter
√
ε, which gives
correctly all the quark masses and the CKM matrix elements at the electroweak (EW) scale, and
obtain a progenitor form at the GUT scale by running the EW scale mass matrix. Finally, a possible
texture form for the progenitor quark mass matrix is suggested.
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I. INTRODUCTION
The huge hierarchy on the quark masses is one of the most important flavor problems in the Standard Model (SM) of
particle physics. The charged current (CC) weak interactions in the SM are well established, which are summarized
by the Cabibbo–Kobayashi–Maskawa (CKM) and Pontecorvo–Maki–Nakagawa–Sakata (PMNS) matrices [1–5]. The
CKM matrix being close to the identity is due to this huge hierarchy [6]. But neutrino masses do not reveal a hierarchy
and hence the PMNS matrix need not be close to the indentity.
Since the strange quark has been found earlier than the charm quark, the mass hierarchy between down-type
(i.e. Qem = − 13 quarks) quarks has been usually used [7]. This continued in the gauge theory era. Weinberg’s
finding of the accidental coincidence of the Cabibbo angle sin θC being close to
√
md/ms has been the main reason
[8]. To obtain this relation, the texture of the down-type quark mass matrix must have a zero entry [8, 9]. How-
ever, in the real world with three families, the expansion in terms of
√
md/ms is a preposterous suggestion. Rather,√
ε ≡√(mass of 2nd family member)/(mass of 3rd family member) should be an expansion parameter [10]. Since this
early study, the texture scenarios of the quark mass matrix have boomed in the last four decades [11–13]. The texture
zero entries are assumed to arise from some symmetry. In this paper, we do not follow this line of argument, but take
first a general form for the mass matrix such that all the entries are allowed in terms of a small expansion parameter√
ε and next guide to some symmetry based on this phenomenologically determined progenitor mass matrix. If some
elements of the CKM matrix are smaller than those of our ansatz, we regard them as possible texture zeros.
In general, the CKM matrix, U (u)U (d)†, is given by the product of two left-hand (L-hand) unitrary matrices U (u) and
U (d) diagonalizing respectively the up-type (i.e. Qem = +
2
3 quarks) and the down-type mass matrices. The matrix
U (u)U (d)† is a unitary matrix, and hence can be written as a unitary matrix VCKM. Therefore, defining VCKM with
general up-type and down-type weak eigenstates is equivalent to defining it with a general up-type weak eigenstate
and diagonal (or mass) down-type eigenstates. These two cases have the same number of physical parameters. Let
us choose this simple case. We can choose the diagonal bases as those of up- or down-type quarks. But, since
mc/mt is smaller than ms/mb, we use the bases where the down-type quark mass matrix is already diagonalized
[6]. In this case, the CKM matrix VCKM is U
(u) which can be expanded in terms of the small expansion parameter,√
ε ≡√mc/mt ' 0.0584. Out of 9 parameters in U (u), two phases can be absorbed to two up-type quark phases. One
overall phase cannot be used for this purpose because of the baryon number conservation in the SM. The remaining
7 parameters encode three up-type quark masses, three real angles, and a phase eiδ. Instead of texture zeros, we
assume the following mass matrix, for its determinant being of O(ε3) [6],
M =
 O(ε2), O(ε3/2), O(ε)O(ε3/2), O(ε), O(√ε)
O(ε), O(
√
ε), 1
 . (1)
The electroweak (EW) scale is defined usualy as the Z0 boson pole, but here we define the EW scale as the top mass
pole which is the highest scale among SM poles. Then, above the EW scale, we need not consider threshold effects.
At the EW scale or at the top mass pole mt = 172.5 [14], mc/mt|mt = 0.00341 ± 0.00046 where mc = 1.25 GeV of
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2the charm mass is runned to the EW scale [15]. mu ' 2.5 MeV [16] is run to the electroweak scale to 0.392 MeV.1
Then, mu ∼ mtε2 ' 0.001 MeV = 10−2(O(mtε2)) at the top mass pole where ε = 0.0584.
To place zero entries at some places [12], some kind of symmetry is needed, for example by a kind of the Froggatt–
Nielson mechanism [18]. Theoretically, it is important to know the progenitor mass matrix determined in this kind
of way. So far, there has not appeared any reliable progenitor mass matrix. The essence of this paper is to determine
the progenitor form starting from Eq. (1), giving correctly all the quark masses by fitting to the experimentally
determined CKM matrix elements as accurately as possible. This progenitor mass matrix can be very useful for
future texture studies of the quark mass matrix.
It is better to take bases where both the CKM and the PMNS matrices are defined by the charge raising CCs or by the
charge lowering CCs. The currently used convention is that the CKM matrix is defined by the charge raising CCs but
the PMNS matrix by the charge lowering CCs [17]. It has its own reason that the potential V is important in mixing
in the quark sector while the kinetic energy is more important in the oscillation of neutrinos. Here, however, we try
to describe both the CKM and PMNS matrices in a unified form by the charge raising CCs. Therefore, our PMNS
matrix is the hermitian conjugate of that defined in the PDG book [17]. In this paper, however, we pay attention to
the CKM matrix only.
In Sec. II, we obtain the up-type quark mass matrix at the EW scale in the bases where the down-type quark mass
matrix is already diagonalised. In Sec. III, we run this EW mass matrix to the GUT scale (' 2.5 × 1016 GeV),
obtaining the progenotor quark mass matrix. In Sec. IV, we discuss possible zeros in the mass matrix obtained in
Secs. II and III. Finally, a brief conclusion is given in Sec. V.
II. DETERMINATION OF THE R-HAND UNITARY MATRIX
We choose the bases where the down-type quarks are mass eigenstates. To unify with leptons, we generalize this to
choose the T3 = − 12 members in the L-hand SM doublets are mass eigenstates, i.e. Qem = −1 leptons and down-type
quarks are mass eigenstates. This choice is simple because the renormalizable couplings are enough for generating
the mass terms of these T3 = − 12 members in both the quark and lepton sectors. Since neutrino masses are not so
hierarchical as the up-type quarks, we do not apply the same criteria for the PMNS and neutrino mass matrices.
Even though the CKM and PMNS matrices are of very different forms, they can be successfully unified in GUTs from
string compactification [19]. An explicit example with the tetrahedral symmetry is already given in Ref. [20].
Let us consider a realistic 3× 3 matrix,
M =
 qε2, fε3/2, cεgε3/2, pε, a√ε
dε, b
√
ε, 1
 , (2)
where a, b, c, d, f, g, p and q are O(1) numbers. Note the possibility that higher order corrections by loops and
gravitational interactions can affect the numbers q, f and g. M is diagonalized by the following L-hand matrix U ,
U =
 c1, s1c3, s1s3−c2s1, c1c2c3 + s2s3e−iδ, c1c2s3 − s2c3e−iδ
−s1s2e+iδ, −c2s3 + c1s2c3e+iδ, c2c3 + c1s2s3e+iδ
 , (3)
where ci and si are cosines and sines of three real angles θi (i = 1, 2, 3), and the right-hand (R-hand) matrix W , by
WMU† = M (diag). W is determined if the matrix M of the form (2) is given. The unitarity condition introduces 9
parameters in W out of which two phases2 can be absorbed to the R-hand up-type quarks. Thus, we can consider
1 From the QCD scale to the scale mc, we multiplied a factor 1/3.
2 We cannot use the overall phase of the R-hand matrix for removing a phase.
3the 7 parameter W . Since a 7 parameter unitary matrix is not known, we use the following form for W (i.e. the same
form as Eq. (3))
W =
 c1, s1c3, s1s3−c2s1, c1c2c3 + s2s3e−iα, c1c2s3 − s2c3e−iα
−s1s2e+iα, −c2s3 + c1s2c3e+iα, c2c3 + c1s2s3e+iα
 , (4)
where ci and si are cosines and sines of three real angles ϕi (i = 1,2,3). The angles ϕi (i = 1,2,3) will introduce
more parameters in them, as they are expanded in powers of
√
ε,
ϕi = φi[0] + φi[1/2]
√
ε+ φi[1]ε+ · · · (5)
Let us use the central points of data evaluated by the Kim–Seo (KS) form [21] for the CKM matrix [22],
V KSCKM =
 0.975188, 0.221345, 0.003888−0.221226, 0.974365 + 0.00065 e−iδ, 0.01712− 0.03712 e−iδ
−0.00822 eiδ , −0.017551 + 0.03620 eiδ , 0.999156 + 0.00064 eiδ

=
 0.975188, 0.221345, 0.555429 ε−0.221226, 0.974365 + 1.10986 e−iδ ε3/2, (0.204623− 0.443669 e−iδ)√ε
−1.17429 eiδ ε, (−0.209775 + 0.432623 eiδ)√ε, 0.999156 + 1.09278 eiδ)ε3/2
 (6)
which gives J = (3.114±0.325)×10−5| sin δ| [23]. We scanned W to make WMU† diagonal to M (diag) ' diag.(2.27×
10−6, 0.00341, 1) = diag.(0.195 ε2, ε, 1). Since M (diag)U is (ε = 0.00341,
√
ε = 0.0584) 0.28768ε2, 0.0652968ε2, 0.163516ε3−0.221156ε, 0.974365ε+ 1.10986e−iδε5/2, (0.204623− 0.443669e−iδ)ε3/2
−1.17429eiδε, (−0.209775 + 0.432623eiδ)√ε, 0.999156 + 1.09278eiδε3/2
 ,
which is not close to Eq. (1) or Eq. (2), we need an appropriate W to make M match with the form Eq. (1). We
find that the real angles of W , giving the form (2) approximately, are
φ1 = p1[1]ε+ · · · ,
φ2 = p2[0] + p2[
1
2
]
√
ε+ p2[1]ε+ · · · , (7)
φ3 = p3[
1
2
]
√
ε+ p3[1]ε+ · · ·
where pi[x] are the O(1) coefficient of ε
x for the real angle ϕi in Eq. (4). There are more than six real numbers
(p1[1], p2[0], p2[
1
2 ], p2[1], p3[
1
2 ], p3[1]) and a phase e
iα in our expansion of W . Using V KSCKM as U , M = W
†M (diag)U
becomes for α = 0,
M =

0,
(
0.300555p1[1]S[p2[0]]
−0.619914eiδp1[1]S[p2[0]]
)
ε3/2
, −0.999156p1[1]S[p2[0]]ε
3/2
(
0.221226p−23[
1
2 ]S[p2[0]]
−2.41056eiδp−23( 12 )C[p2[0]]
)
+
(
− 0.221226C[p2[0]]
−2.41056eiδS[p2[0]]
) ,
(
− 0.300555S[p2[0]]
+0.619914eiδS[p2[0]]
)√
ε
+C[p2[0]]
(
0.974365 +
[
0.619914eiδ
−0.300555]p−23[ 12
])
ε
,
0.999156S[p2[0]]
+0.999156p−23[
1
2 ]C[p2[0]]
√
ε

(
0.221226S[p2[0]]
−2.41056eiδC[p2[0]]
) ,
(
− 0.300555C[p2[0]]
+0.619914eiδC[p2[0]]
)√
ε
, 0.999156C[p2[0]]

(8)
where p−23 = p2[
1
2 ] − p3[ 12 ], and we kept only the leading terms. S[p2[0]] cannot be zero or the determinant is
zero. We can obtain an upper bound on the S[p2[0]] such that its contribution to the determinant is less than
4O(ε3) from every element of M . For a small S[p2[0]], M12M23M31,M13M32M21,M31M22M13 and M33M12M21 are
O(ε3),O(ε5/2 ), O(ε5/2) and O(ε5/2 ), respectively. Therefore, from M13M32M21,M31M22M13 and M33M12M21, we
have bounds S[p2[0]] <
√
ε, 2.4S[p2[0]]
2 <
√
ε, {0.22S[p2[0]], 2.4S[p2[0]]2} <
√
ε, respectively. These give S[p2[0]] <
0.0584, 0.156, 0.265, and 0.156, respectively. Thus, we have the common region
0 < |S[p2[0]]| < 0.0584. (9)
In a somewhat large region of Eq. (9) for an illustration, we take S[p2[0]] = 0.05 (with C[p2[0]] = 0.99875) for which
M is
M
(
[p2[0] = 2.866
o]
)
=

0, (0.0150231− 0.030986eiδ)p1[1]ε3/2, −0.0499422p1[1]ε
(−0.220949− 0.12049eiδ)ε
+
(
0.0110578p23(
1
2 )
−2.40754eiδp23
(
1
2
) )
ε3/2
,
(−0.0150231 + 0.030986eiδ)√ε
+
(
0.973147 + (0.619139eiδ
−0.30018)p23[ 12 ]
)
ε
,
0.0499422
+0.997907p23[
1
2 ]
√
ε
(0.0110578 − 2.40754eiδ)ε, (−0.30018 + 0.619139eiδ)√ε, 0.997907

(10)
where we used
√
ε ' 0.05840 at the top mass pole for the (22) element. The matrix (10) is almost the one given in
Eq. (1). Indeed, using Eqs. (6) and (7), the product WMU† is shown to be diagonal with the error of O(10−5) for
the off-diagonal elements,
WMU† =

2.267× 10−6, −1.499× 10−10, 0
−2.255× 10−7, 3.41× 10−3 − 4.334× 10−6 cos δ, 1.525× 10−8 + 6.21× 10−9e−iδ
−1.076× 10−7
−3.356× 10−6eiδ ,
4.471× 10−6 + 1.369× 10−6eiδ
−2.268× 10−7e2iδ , 0.9999 + 0.8227× 10
−5
 (11)
III. A PROGENITOR FORM
The pole mass is related to the running mass, up to three gluon loops, as
Mq = mq(µ)
[
1 +
4
3
αs(µ)
pi
+K(2)q
(αs(µ)
pi
)2
+K(3)q
(αs(µ)
pi
)3
+Kttδ3q
]
≡ mq(µ)(Rq(µ) +Kttδ3q) (12)
where K
(2)
c = 11.21,K
(2)
t = 9.13,K
(3)
c = 123.8, and K
(3)
t = 80.4 are taken from [15]. The running masses at Mt are
mt(Mt) = 162.75 GeV and mc(Mt) = 554.5 MeV are found at the top mass pole, using αs = 0.108±0.002 at µ = Mt.
Above the EW scale or the top mass scale, we can consider the running of Mij , considering the gluon loops of Fig. 1
[24]. The vector couplings of gluons to quarks allow the same couplings to L-hand and R-hand quarks, u
(i)
R and u
(j)
L .
The element Mij have the same factor after the running. The reason is the following. The diagonalized mass matrix
at mt is M
diag(mt). The R-hand and L-hand diagonalizing matrix at mt relate it to the weak eigenstate mass matrix
M(mt)ij =
(
W †(mt)Mdiag(mt)U(mt)
)
ij
. (13)
To obtain a progenitor mass matrix at the GUT scale, each factor in Eq. (13) is runned to the GUT scale. For the
diagonal masses, the knowledge on the anomalous dimension suffices. For the R- and L-hand unitary matrices, strong
interaction corrections do not distinguish them because the perturbative QCD conserves parity. The × in Fig. 1
corresponds to M(µ)ij and every gluon vertex on the fermion line has the same 1-loop factor (1 + a1αs) because it is
flavor blind. Therefore, we can take out (1 + a1αs) at 1-loop level
(1 + a1αs(µ))
2
(
W †(mt)Mdiag(µ)U(mt)
)
ij
= W †(µ)M(µ)ijU(µ) = R(µ)Mij(mt). (14)
5FIG. 1: Some diagrams contributing the the up-type quark propagators [24]. Here, × are the elements Mij .
Taking a ratio M(µ)ij/M(µ)33, we obtain
M(µ)ij
M(µ)33
=
(
W †(mt)Mdiag(µ)U(mt)
)
ij(
W †(mt)Mdiag(µ)U(mt)
)
33
. (15)
where the flavor independence of gluon couplings is used. Therefore, the progenitor mass matrix is proportional
to Eq. (10), except the (33) element. Let Mij(µ) = R(µ)Mij(mt) where R(mt) = 1, but the (33) element may
be modified significantly due to a large top quark Yukawa coupling constant. The Higgs loop for is considered as
Ktt = − 316pi2 (m2t/v2u) where the Higgs doublet Hu couples to the top quark as
mt√
2vu
(H†u)t¯Rq3L + h.c.,Hu =
(
H+u√
2vu +
h0u√
2
)
. (16)
If Hu is the only electroweak Higgs doublet, the (33) element runs to the scale MGUT ' 2.5×1016 GeV to Rt(MGUT) =
1.01123 for αs(MGUT) ' 140 , and Ktt(MGUT) = −0.0094. So, the (33) element changes factor 1 to factor 0.9703.
Even if we added the top quark Yukawa coupling, the progenitor form obtained from Eq. (10) is almost intact. Now,
we study the form (8) from the point of view of introducing texture zeros.
IV. TEXTURE
Since S[p2[0]] is very small, we can consider M12 being zero in the first approximation. But we keep M13 as a nonzero
value to have a nonvanishing determinant. Comparing the experimentally determined M with the ansatz form, Eq.
(1), we note that a texture zero element is possible for the (11) and (12) elements,
M =
 0, 0, O(ε)O(ε3/2), O(ε), O(√ε)
O(ε), O(
√
ε), 1
 (17)
The zeros in the mass matrix determined from Eq. (17) signal the long-awaited texture form for the quark mass
matrix. It is surprisingly simple that the mass matrix determines all the quark flavor parameters. In Table I, we
TABLE I: U(1) and P quantum numbers of the quark and Higgs fields.
Fields u¯
(1)
R u¯
(2)
R u¯
(3)
R q
(1)
L q
(2)
L q
(3)
L Hu d¯R s¯R b¯R Hd σ
′ S′
U(1) −3 −2 −1 −1 0 +1 0 +1 0 −1 0 +1 0
P − + + + + + + − + + + + −
present U(1) times parity P quantum numbers to have the form Eq. (17). The L- and R-states are defined as
u¯
(i)
R Mijq
(j)
L = u¯RW
†WMU†UqL = u¯massR M
diagqmassL (18)
6where u¯R and uL are in the weak bases, and u
mass
R and u
mass
L are in the mass eigenstates, e.g. u
mass
L = UuL, etc.
d¯R, s¯R and d¯R are the mass eigenstates, d
(j)mass
R , and
q
(j)
L =
(
u
(j)
L
d
(j)mass
L
)
. (19)
Table I allows the following mass matrix
M = mt
q σ4S, f σ3S, c σ2Sg σ3, p σ2, a σ
d σ2, b σ, 1
 (20)
where a, b, c, d, f, g, p, and q are O(1) numbers, and σ and S are dimensionless fields defined at the scale MGUT,
σ = σ
′
MGUT
and S = S
′
MGUT
.
V. CONCLUSION
We determined the quark mass matrix in terms of a small expansion parameter
√
ε, which gives correctly all the quark
masses and the CKM matrix elements at the EW scale, and obtain a progenitor form at the GUT scale by running
this EW scale mass matrix. Finally, a possible texture form for the progenitor quark mass matrix is suggested.
Acknowledgments
We thank Sin Kyu Kang for helpful discussions. This work is supported in part by the National Research Foundation
(NRF) grant NRF-2018R1A2A3074631.
[1] N. Cabibbo,
Unitary symmetry and leptonic decays,
Phys. Rev. Lett. 10 (1963) 531 [doi: 10.1103/PhysRevLett.10.531].
[2] M. Kobayashi and T. Maskawa,
CP violation in the renormalizable theory of weak interaction,
Prog. Theor. Phys. 49 (1973) 652 [doi: 10.1143/PTP.49.652].
[3] B. Pontecorvo,
Mesonium and anti-mesonium,
Phys. JETP 6 (1957) 429 [Zh. Eksp. Teor. Fiz. 33, 549 (1957)].
[4] Z. Maki, M. Nakagawa and S. Sakata,
Remarks on the unified model of elementary particles,
Prog. Theor. Phys. 28 (1962) 870 [doi: 10.1143/PTP.28.870].
[5] B. Pontecorvo,
Neutrino Experiments and the Problem of Conservation of Leptonic Charge,
Phys. JETP 26 (1968) 984 [Zh. Eksp. Teor. Fiz. 53, 1717 (1967)].
[6] P. H. Frampton and J. E. Kim,
Anticorrelation of Mass and Mixing Angle Hierarchies,
2020.
[7] M. Gell-Mann, R. J. Oakes, and B. Renner,
Behavior of current divergences under SU(3)×SU(3),
Phys. Rev. 175 (1968) 2195 [doi:10.1103/PhysRev.175.2195].
[8] S. Weinberg,
The Problem of Mass,
Trans. New York Acad. Sci. 38 (1977) 185 [doi: 10.1111/j.2164-0947.1977.tb02958.x].
[9] F. Wilczek and A. Zee,
Discrete Flavor Symmetries and a Formula for the Cabibbo Angle,
Phys. Lett. B 70 (1977) 418 and 72 (1978) 504 (E) [doi:10.1016/0370-2693(77)90403-8].
7[10] H. Fritzsch,
Quark Masses and Flavor Mixing,
Nucl. Phys. B 155 (1979) 189 [doi : 10.1016/0550-3213(79)90362-6].
[11] Z-z. Xing,
Quark Mass Hierarchy and Flavor Mixing Puzzles,
Int. J. Mod. Phys. A 29 (2014) 1430067 [arXiv:1411.2713v2 [hep-ph]].
[12] Some recent references can be found in, I. de Medeiros Varzielas, G. G. Ross, and J. Talbert,
A Unified Model of Quarks and Leptons with a Universal Texture Zero,
JHEP 1803 (2018) 007 [arXiv:1710.01741 [hep-ph]].
[13] See also, A. Davidson, V. P. Nair, and K. C. Wali,
Peccei-Quinn Symmetry as Flavor Symmetry and Grand Unification,
Phys. Rev. D 29 (1984) 1504 [doi:10.1103/PhysRevD.29.1504].
[14] CMS Collaboration,
arXiv:1904.05237 [hep-ex].
[15] Z-z. Xing, H. Zhang, and S. Zhou,
Updated values of running quark and lepton masses,
Phys. Rev. D 77 (2007) 113016 [arXiv:0712.1419 [hep-ph]].
[16] A. V. Manohar and C. T. Sachrajda,
Quark masses,
in Ref. [17].
[17] M. Tanabashi et al. (Particle Data Group),
Phys. Rev. D 98 (2018) 030001 [doi: 10.1103/PhysRevD.98.030001].
[18] C. D. Froggatt and H. B. Nielsen,
Hierarchy of Quark Masses, Cabibbo Angles and CP Violation,
Nucl. Phys. B 147 (1979) 277-298 [doi: 10.1016/0550-3213(79)90316-X].
[19] J. E. Kim,
R-parity from string compactification,
Phys. Rev. D 99 (2019) 93004 [arXiv:1810.10796 [hep-ph]], and references therein.
[20] P. H. Frampton, J. E. Kim, S-J. Kim, and S. Nam,
Tetrahedral Symmetry A4 in Anti-SU(5) GUT,
Phys. Rev. D 101 (2020) xxxxxx [arXiv:2001.02954 [hep-ph]].
[21] J. E. Kim and M-S. Seo,
Parametrization of the CKM matrix,
Phys. Rev. D 84 (2011) 037303 [arXiv:1105.3304 [hep-ph]].
[22] J. E. Kim, S-J. Kim, S. Nam, and M. Shim,
Jarlskog determinant and data on flavor matrices,
arXiv:1907.12247 [hep-ph].
[23] J. E. Kim and M-S. Seo,
A simple expression of the Jarlskog determinant, [arXiv:1201.3005 [hep-ph]], and
Axino mass, PoS (DSU2012) 009 [arXiv:1211.0357 [hep-ph]];
J. E. Kim, D. Y. Mo, and S. Nam,
Final state interaction phases obtained by data from CP asymmetries,
J. Korean Phys. Soc. 66 (2015) 894 [arXiv:1402.2978 [hep-ph]].
[24] K. G. Chetrykin and M. Steinauser,
The Relation between the MS and the on-shell quark mass at order α3s,
Nucl. Phys. B 573 (2000) 617 [arXiv:hep-ph/9911434].
